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Intersectional soft sets theory applied to
generalized hypervector spaces

G. Muhiuddin

Abstract

The notion of θ-generalized int-soft subfields, θ-generalized int-soft
algebras over θ-generalized int-soft subfields, and θ-generalized int-soft
hypervector spaces are introduced, and their properties and character-
izations are considered. In connection with linear transformations, θ-
generalized int-soft hypervector spaces are discussed.

1 Introduction

The hyper-structure theory was introduced by Marty [33] at the 8th congress
of Scandinavian Mathematicians in 1934. Since then many researchers have
worked on hyperalgebraic structures and developed this theory (for more see
[3], [4], [9], [10], [39]). In 1990, M. S. Tallini introduced the notion of hy-
pervector spaces ([37], [38]) and studied basic properties of them. Molodtsov
[34] introduced the concept of soft set as a new mathematical tool for deal-
ing with uncertainties that is free from the difficulties that have troubled the
usual theoretical approaches. Molodtsov pointed out several directions for the
applications of soft sets. At present, works on the soft set theory are pro-
gressing rapidly. Maji et al. [32] described the application of soft set theory
to a decision making problem. Maji et al. [31] also studied several opera-
tions on the theory of soft sets. Chen et al. [8] presented a new definition of
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soft set parametrization reduction, and compared this definition to the related
concept of attributes reduction in rough set theory. The algebraic structure
of set theories dealing with uncertainties has been studied by some authors.
Feng [11] considered the application of soft rough approximations in multi-
criteria group decision making problems. Aktaş and Çağman [5] studied the
basic concepts of soft set theory, and compared soft sets to fuzzy and rough
sets, providing examples to clarify their differences. They also discussed the
notion of soft groups. After than, many algebraic properties of soft sets are
studied (see [1], [6], [12], [25], [26], [27], [28], [29], [35], [40]). Muhiuddin et al.
studied the soft set theory on various aspects (see for e.g., [2], [13], [14], [15],
[16], [17], [18], [36]). In recent years, a number of research papers have been
devoted to the study of fuzzy sets theory and related concepts on different
algebraic structures (see e.g., [19], [23], [24], [20], [21], [22]). In [30], Jun et
al. introduced the notion of int-soft subfields, int-soft algebras over int-soft
subfields, and int-soft hypervector spaces. They studied their properties and
characterizations. In connection with linear transformations, they discussed
int-soft hypervector spaces.

The aim of this paper is to consider generalizations of the paper [30]. We
introduce the notion of θ-generalized int-soft subfields, θ-generalized int-soft
algebras over θ-generalized int-soft subfields, and θ-generalized int-soft hy-
pervector spaces. We study their properties and characterizations. In connec-
tion with linear transformations, we discusse θ-generalized int-soft hypervector
spaces.

2 Preliminaries

A soft set theory is introduced by Molodtsov [34], and Çaǧman et al. [7]
provided new definitions and various results on soft set theory.

In what follows, let U be an initial universe set and E be a set of pa-
rameters. Let P(U) denotes the power set of U , P∗(U) = P(U) \ {∅} and
A,B,C, · · · ⊆ E.

A soft set (f̃ , A) over U is defined to be the set of ordered pairs

(f̃ , A) :=
{

(x, f̃(x)) : x ∈ E, f̃(x) ∈P(U)
}
,

where f̃ : E →P(U) such that f̃(x) = ∅ if x /∈ A.
For any sets X and Y, let µ : X → Y be a function and (f̃ , X) and (g̃, Y )

be soft sets over U.
(1) The soft set

µ−1(g̃, Y ) =
{(
x, µ−1(g̃)(x)

)
: x ∈ X, µ−1(g̃)(x) ∈P(U)

}
,
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where µ−1(g̃)(x) = g̃(µ(x)), is called the soft pre-image of (g̃, Y ) under µ.
(2) The soft set

µ(f̃ , X) =
{(
y, µ(f̃)(y)

)
: y ∈ Y, µ(f̃)(y) ∈P(U)

}
where

µ(f̃)(y) =


⋃

x∈µ−1(y)

f̃(x) if µ−1(y) 6= ∅,

∅ otherwise,

is called the soft image of (f̃ , X) under µ.
A map ◦ : H ×H →P∗(H) is called a hyperoperation or join operation.

The join operation is extended to subsets of H in natural way, so that A ◦ B
is given by

A ◦B =
⋃
{a ◦ b | a ∈ A, b ∈ B} .

The notations a ◦ A and A ◦ a are used for {a} ◦ A and A ◦ {a} respectively.
Generally, the singleton {a} is identified by its element a.

Let F be a field and (V,+) be an abelian group. A hypervector space over F
(see [37]) is defined to be the quadruplet (V,+, ◦, F ), where “◦” is a mapping

◦ : F × V →P∗(V )

such that for all a, b ∈ F and x, y ∈ V the following conditions hold:

(H1) a ◦ (x+ y) ⊆ a ◦ x+ a ◦ y,

(H2) (a+ b) ◦ x ⊆ a ◦ x+ b ◦ x,

(H3) a ◦ (b ◦ x) = (ab) ◦ x,

(H4) a ◦ (−x) = (−a) ◦ x = −(a ◦ x),

(H5) x ∈ 1 ◦ x.

A hypervector space (V,+, ◦, F ) over a field F is said to be strongly left
distributive (see [3]) if it satisfies the following condition:

(∀a ∈ F )(∀x, y ∈ V ) (a ◦ (x+ y) = a ◦ x+ a ◦ y) . (2.1)

3 Generalized int-soft algebras over an int-soft field

In what follows let F be a field unless otherwise specified.
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Definition 3.1 ([30]). A soft set
(
f̃ , F

)
over F is called an int-soft subfield

of F if the following conditions are satisfied:

(1) (∀a, b ∈ F )
(
f̃(a+ b) ⊇ f̃(a) ∩ f̃(b)

)
.

(2) (∀a ∈ F )
(
f̃(−a) ⊇ f̃(a)

)
.

(3) (∀a, b ∈ F )
(
f̃(a) ∩ f̃(b) ⊆ f̃(ab)

)
.

(4) (∀a ∈ F )
(
a 6= 0 ⇒ f̃(a) ⊆ f̃(a−1)

)
.

Definition 3.2. A soft set
(
f̃ , F

)
over F is called a θ-generalized int-soft

subfield of F over U if there exists θ ∈P∗(U) such that

(∀a, b ∈ F )
(
f̃(a+ b) ⊇ θ ∩ f̃(a) ∩ f̃(b)

)
. (3.1)

(∀a ∈ F )
(
f̃(−a) ⊇ θ ∩ f̃(a)

)
. (3.2)

(∀a, b ∈ F )
(
f̃(ab) ⊇ θ ∩ f̃(a) ∩ f̃(b)

)
. (3.3)

(∀a ∈ F )
(
a 6= 0 ⇒ f̃(a−1) ⊇ θ ∩ f̃(a)

)
. (3.4)

Note that the U -generalized int-soft subfield is only the int-soft subfield.

Example 3.3. (1) Let us consider F = {Z3,+, .} and S = Z3 ≤ Z3. Then the
soft set (f̃ , S) is a soft set over F where f̃ : S →P(Z3) such that f̃(0) = Z3

and f̃(1) = f̃(2) = {1, 2} which all are subfields of F . Hence, (f̃ , S) is a soft
subfield over F .

(2) By Example 3.3 (1), it is easy to verify that the soft set (f̃ , S) is an
int-soft subfield over F . Furthermore, for any θ = {1, 2} ∈ P∗(Z3) the soft
set (f̃ , S) is a θ-generalized int-soft subfield over F .

Proposition 3.4. If
(
f̃ , F

)
is a θ-generalized int-soft subfield of F, then

(1) (∀a ∈ F )
(
f̃(0) ⊇ θ ∩ f̃(a)

)
.

(2) (∀a ∈ F )
(
a 6= 0 ⇒ f̃(1) ⊇ θ ∩ f̃(a)

)
.

(3) f̃(0) ⊇ θ ∩ f̃(1).
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Proof. (1) For all a ∈ F, we have

f̃(0) = f̃(a+ (−a))

⊇ θ ∩ f̃(a) ∩ f̃(−a)

⊇ θ ∩ f̃(a) ∩
(
θ ∩ f̃(a)

)
= θ ∩ f̃(a)

by using (3.1) and (3.2).
(2) is similar to the proof of (1), and (3) is by (1).

If we take θ = U in Proposition 3.4, then we have the following corollary.

Corollary 3.5 ([30]). If
(
f̃ , F

)
is an int-soft subfield of F, then

(1) (∀a ∈ F )
(
f̃(0) ⊇ f̃(a)

)
.

(2) (∀a ∈ F )
(
a 6= 0 ⇒ f̃(1) ⊇ f̃(a)

)
.

(3) f̃(0) ⊇ f̃(1).

Theorem 3.6. For a soft set
(
f̃ , F

)
over F , the following assertions are

equivalent.

(1)
(
f̃ , F

)
is a θ-generalized int-soft subfield of F .

(2) The nonempty γ-inclusive set

iF (f̃ ; γ) :=
{
a ∈ F | γ ⊆ f̃(a)

}
of
(
f̃ , F

)
is a subfield of F for all γ ∈P(U) with γ ⊆ θ.

Proof. Assume that
(
f̃ , F

)
is a θ-generalized int-soft subfield of F . Let a, b ∈

iF (f̃ ; γ) where γ ∈P(U) with γ ⊆ θ. Then f̃(a) ⊇ γ and f̃(b) ⊇ γ. It follows
that

f̃(a− b) = f̃(a+ (−b))
⊇ θ ∩ f̃(a) ∩ f̃(−b)

⊇ θ ∩ f̃(a) ∩
(
θ ∩ f̃(b)

)
⊇ θ ∩ γ = γ.
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Hence a− b ∈ iF (f̃ ; γ). Similarly, ab ∈ iF (f̃ ; γ). If a 6= 0, then

f̃(a−1) ⊇ θ ∩ f̃(a) ⊇ θ ∩ γ = γ

and so a−1 ∈ iF (f̃ ; γ). Thus iF (f̃ ; γ) is a subfield of F for all γ ∈P(U) with
γ ⊆ θ and iF (f̃ ; γ) 6= ∅.

Conversely, suppose that (2) is valid. Let x, y ∈ F be such that f̃(x) = γx
and f̃(y) = γy. Take γ = θ ∩ γx ∩ γy. Then x, y ∈ iF (f̃ ; γ), and so x + y ∈
iF (f̃ ; γ). Thus

f̃(x+ y) ⊇ γ = θ ∩ γx ∩ γy = θ ∩ f̃(x) ∩ f̃(y),

which shows that (3.1) is valid. Similarly, we can prove that (3.2), (3.2) and

(3.4) are valid. Therefore
(
f̃ , F

)
is a θ-generalized int-soft subfield of F .

If we take θ = U in Theorem 3.6, then we have the following corollary.

Corollary 3.7 ([30]). A soft set
(
f̃ , F

)
over F is an int-soft subfield of F if

and only if the nonempty γ-inclusive set

iF (f̃ ; γ) :=
{
a ∈ F | γ ⊆ f̃(a)

}
of
(
f̃ , F

)
is a subfield of F for all γ ∈P(U).

Definition 3.8 ([30]). Let V be an algebra over F and let
(
f̃ , F

)
be an int-

soft subfield of F. A soft set (g̃, V ) is called an int-soft algebra over
(
f̃ , F

)
if

it satisfies the following conditions:

(1) (∀x, y ∈ V ) (g̃(x+ y) ⊇ g̃(x) ∩ g̃(y)) .

(2) (∀a ∈ F )(∀x ∈ V )
(
g̃(ax) ⊇ f̃(a) ∩ g̃(x)

)
.

(3) (∀x, y ∈ V ) (g̃(xy) ⊇ g̃(x) ∩ g̃(y)) .

(4) (∀x ∈ V )
(
f̃(1) ⊇ g̃(x)

)
.

Definition 3.9. Let V be an algebra over F and let
(
f̃ , F

)
be a θ-generalized

int-soft subfield of F. A soft set (g̃, V ) is called a θ-generalized int-soft algebra
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over
(
f̃ , F

)
if there exists θ ∈P∗(U) such that

(∀x, y ∈ V ) (g̃(x+ y) ⊇ θ ∩ g̃(x) ∩ g̃(y)) . (3.5)

(∀a ∈ F )(∀x ∈ V )
(
g̃(ax) ⊇ θ ∩ f̃(a) ∩ g̃(x)

)
. (3.6)

(∀x, y ∈ V ) (g̃(xy) ⊇ θ ∩ g̃(x) ∩ g̃(y)) . (3.7)

(∀x ∈ V )
(
f̃(1) ⊇ θ ∩ g̃(x)

)
. (3.8)

Example 3.10. In Example 3.3 (2), (f̃ , F ) is a θ-generalized int-soft subfield
over F . Then, clearly the soft set (g̃, S) (where g̃ : S −→ P(F )) is a θ-
generalized int-soft algebra over (f̃ , F ).

Proposition 3.11. Let V be an algebra over F and let
(
f̃ , F

)
be a θ-generalized

int-soft subfield of F. If (g̃, V ) is a θ-generalized int-soft algebra over
(
f̃ , F

)
,

then f̃(0) ⊇ θ ∩ g̃(x) for all x ∈ V.

Proof. For any x ∈ V, we have f̃(0) ⊇ θ∩ f̃(1) ⊇ θ∩ (θ ∩ g̃(x)) = θ∩ g̃(x).

Corollary 3.12 ([30]). Let V be an algebra over F and let
(
f̃ , F

)
be an int-

soft subfield of F. If (g̃, V ) is an int-soft algebra over
(
f̃ , F

)
, then f̃(0) ⊇ g̃(x)

for all x ∈ V.

Theorem 3.13. Let V be an algebra over F and let
(
f̃ , F

)
be a θ-generalized

int-soft subfield of F. Then a soft set (g̃, V ) is a θ-generalized int-soft algebra

over
(
f̃ , F

)
if and only if the following conditions are valid:

(1) (∀a, b ∈ F )(∀x, y ∈ V )
(
g̃(ax+ by) ⊇ θ ∩

(
f̃(a) ∩ g̃(x)

)
∩
(
f̃(b) ∩ g̃(y)

))
.

(2) (∀x, y ∈ V ) (g̃(xy) ⊇ θ ∩ g̃(x) ∩ g̃(y)) .

(3) (∀x ∈ V )
(
f̃(1) ⊇ θ ∩ g̃(x)

)
.

Proof. Assume that (g̃, V ) is a θ-generalized int-soft algebra over
(
f̃ , F

)
. Us-

ing (3.5) and (3.6), we have

g̃(ax+ by) ⊇ θ ∩ g̃(ax) ∩ g̃(by)

⊇ θ ∩
(
θ ∩ f̃(a) ∩ g̃(x)

)
∩
(
θ ∩ f̃(b) ∩ g̃(y)

)
= θ ∩

(
f̃(a) ∩ g̃(x)

)
∩
(
f̃(b) ∩ g̃(y)

)
.

(3.9)
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for all a, b ∈ F and x, y ∈ V.
(2) and (3) are by (3.7) and (3.8), respectively.
Conversely, suppose that the inclusions (1), (2) and (3) of Theorem 3.13

hold for all a, b ∈ F and x, y ∈ V. Then

g̃(x+ y) = g̃(1x+ 1y) ⊇ θ ∩
(
f̃(1) ∩ g̃(x)

)
∩
(
f̃(1) ∩ g̃(y)

)
⊇ θ ∩ ((θ ∩ g̃(x)) ∩ g̃(x)) ∩ ((θ ∩ g̃(y)) ∩ g̃(y))

= θ ∩ g̃(x) ∩ g̃(y).

The condition (3) and Proposition 3.4(3) imply that

f̃(0) ⊇ θ ∩ f̃(1) ⊇ θ ∩ (θ ∩ g̃(x)) = θ ∩ g̃(x)

for all x ∈ V. Thus

g̃(ax) = g̃(ax+ 0x) ⊇ θ ∩
(
f̃(a) ∩ g̃(x)

)
∩
(
f̃(0) ∩ g̃(x)

)
⊇ θ ∩

(
f̃(a) ∩ g̃(x)

)
∩ ((θ ∩ g̃(x)) ∩ g̃(x))

= θ ∩ f̃(a) ∩ g̃(x)

for all a ∈ F and x ∈ V. Therefore (g̃, V ) is a θ-generalized int-soft algebra

over
(
f̃ , F

)
.

Corollary 3.14 ([30]). Let V be an algebra over F and let
(
f̃ , F

)
be an int-

soft subfield of F. Then a soft set (g̃, V ) is an int-soft algebra over
(
f̃ , F

)
if

and only if the following conditions are valid:

(1) (∀a, b ∈ F )(∀x, y ∈ V )
(
g̃(ax+ by) ⊇

(
f̃(a) ∩ g̃(x)

)
∩
(
f̃(b) ∩ g̃(y)

))
.

(2) (∀x, y ∈ V ) (g̃(xy) ⊇ g̃(x) ∩ g̃(y)) .

(3) (∀x ∈ V )
(
f̃(1) ⊇ g̃(x)

)
.

Theorem 3.15. Let V and W be algebras over F. For any algebraic homo-

morphism µ : V →W and any θ-generalized int-soft subfield
(
f̃ , F

)
of F , we

have

(1) If (g̃,W ) is a θ-generalized int-soft algebra over
(
f̃ , F

)
, then the soft

pre-image µ−1(g̃,W ) of (g̃,W ) under µ is also a θ-generalized int-soft

algebra over
(
f̃ , F

)
.
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(2) If (g̃, V ) is a θ-generalized int-soft algebra over
(
f̃ , F

)
, then the soft

image µ (g̃, V ) of (g̃, V ) under µ is also a θ-generalized int-soft algebra

over
(
f̃ , F

)
.

Proof. (1) For any a, b ∈ F and x, y ∈ V, we have

µ−1(g̃)(ax+ by) = g̃(µ(ax+ by)) = g̃(aµ(x) + bµ(y))

⊇ θ ∩
(
f̃(a) ∩ g̃(µ(x))

)
∩
(
f̃(b) ∩ g̃(µ(y))

)
= θ ∩

(
f̃(a) ∩ µ−1(g̃)(x)

)
∩
(
f̃(b) ∩ µ−1(g̃)(y)

)
,

µ−1(g̃)(xy) = g̃(µ(xy)) = g̃(µ(x)µ(y))

⊇ θ ∩ g̃(µ(x)) ∩ g̃(µ(y))

= θ ∩ µ−1(g̃)(x) ∩ µ−1(g̃)(y),

and f̃(1) ⊇ θ∩g̃(µ(x)) = θ∩µ−1(g̃)(x). Therefore, by Theorem 3.13, µ−1(g̃,W )

is a θ-generalized int-soft algebra over
(
f̃ , F

)
.

(2) Let y1, y2 ∈W. If µ−1(y1) = ∅ or µ−1(y2) = ∅, then

θ ∩ µ(g̃)(y1) ∩ µ(g̃)(y2) = ∅ ⊆ µ(g̃)(y1 + y2).

Assume that µ−1(y1) 6= ∅ and µ−1(y2) 6= ∅. Then µ−1(y1 + y2) 6= ∅, and so

µ(g̃)(y1 + y2) =
⋃

x∈µ−1(y1+y2)

g̃(x) ⊇
⋃

x1∈µ−1(y1)

x2∈µ−1(y2)

g̃(x1 + x2)

⊇
⋃

x1∈µ−1(y1)

x2∈µ−1(y2)

(θ ∩ g̃(x1) ∩ g̃(x2))

= θ ∩

 ⋃
x1∈µ−1(y1)

g̃(x1)

 ∩
 ⋃
x2∈µ−1(y2)

g̃(x2)


= θ ∩ µ(g̃)(y1) ∩ µ(g̃)(y2).
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For any y ∈W and a ∈ F, we have

µ(g̃)(ay) =
⋃

µ(x)=ay

g̃(x) =
⋃

µ(x)=y

g̃(ay)

⊇
⋃

µ(x)=y

(
θ ∩ f̃(a) ∩ g̃(y)

)
= θ ∩ f̃(a) ∩

⋃
µ(x)=y

g̃(y)

= θ ∩ f̃(a) ∩ µ(g̃)(y).

For all y1, y2 ∈ W, if at least one of µ−1(y1) and µ−1(y1) is empty, then the
inclusion

µ(g̃)(y1y2) ⊇ θ ∩ µ(g̃)(y1) ∩ µ(g̃)(y1)

is clear. Assume that µ−1(y1) 6= ∅ and µ−1(y2) 6= ∅. Then

µ(g̃)(y1y2) =
⋃

x∈µ−1(y1y2)

g̃(x)

=
⋃

x1∈µ−1(y1)

x2∈µ−1(y2)

g̃(x1x2)

⊇
⋃

x1∈µ−1(y1)

x2∈µ−1(y2)

(θ ∩ g̃(x1) ∩ g̃(x2))

= θ ∩
⋃

x1∈µ−1(y1)

x2∈µ−1(y2)

(g̃(x1) ∩ g̃(x2))

= θ ∩

 ⋃
x1∈µ−1(y1)

g̃(x1)

 ∩
 ⋃
x2∈µ−1(y2)

g̃(x2)


= θ ∩ µ(g̃)(y1) ∩ µ(g̃)(y2).

Since f̃(1) ⊇ θ ∩ g̃(x) for all x ∈ V, it follows that

f̃(1) ⊇ θ ∩
⋃

x∈µ−1(y)

g̃(x) = θ ∩ µ(g̃)(y)

for all y ∈W. Therefore µ (g̃, V ) is a θ-generalized int-soft algebra over
(
f̃ , F

)
.
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Corollary 3.16 ([30]). Let V and W be algebras over F. For any algebraic

homomorphism µ : V →W and any int-soft subfield
(
f̃ , F

)
of F , we have

(1) If (g̃,W ) is an int-soft algebra over
(
f̃ , F

)
, then the soft pre-image

µ−1(g̃,W ) of (g̃,W ) under µ is also an int-soft algebra over
(
f̃ , F

)
.

(2) If (g̃, V ) is an int-soft algebra over
(
f̃ , F

)
, then the soft image µ (g̃, V )

of (g̃, V ) under µ is also an int-soft algebra over
(
f̃ , F

)
.

4 Generalized int-soft hypervector spaces

Definition 4.1 ([30]). Let V be a hypervector space over F and
(
f̃ , F

)
an

int-soft subfield of F. A soft set (g̃, V ) over V is called an int-soft hypervector

space of V related to
(
f̃ , F

)
if the following assertions are valid:

(1) (∀x, y ∈ V ) (g̃(x+ y) ⊇ g̃(x) ∩ g̃(y)) .

(2) (∀x ∈ V ) (g̃(−x) ⊇ g̃(x)) .

(3) (∀a ∈ F )(∀x ∈ V )

( ⋂
y∈a◦x

g̃(y) ⊇ f̃(a) ∩ g̃(x)

)
.

(4) f̃(1) ⊇ g̃(0) where 0 is the zero of (V,+).

Definition 4.2. Let V be a hypervector space over F and
(
f̃ , F

)
a θ-

generalized int-soft subfield of F. A soft set (g̃, V ) over V is called a θ-

generalized int-soft hypervector space of V related to
(
f̃ , F

)
if the following

assertions are valid:

(∀x, y ∈ V ) (g̃(x+ y) ⊇ θ ∩ g̃(x) ∩ g̃(y)) . (4.1)

(∀x ∈ V ) (g̃(−x) ⊇ θ ∩ g̃(x)) . (4.2)

(∀a ∈ F )(∀x ∈ V )

( ⋂
y∈a◦x

g̃(y) ⊇ θ ∩ f̃(a) ∩ g̃(x)

)
. (4.3)

f̃(1) ⊇ θ ∩ g̃(0) where 0 is the zero of (V,+). (4.4)

If θ = U , then every θ-generalized int-soft hypervector space is only an
int-soft hypervector space.
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Example 4.3. Let us consider F = Z3 and V = M2x2(F ). Also let A ={(
x 0
0 y

)
| x, y ∈ F

}
.

Define an hyper operation ◦ : F × V −→P(V ) such that

m ◦
(
x y
z w

)
=

(
0 my
mz 0

)
+A

for all m ∈ F and for all

(
x y
z w

)
∈ V. Then (V,+, ◦, F ) is an hypervector

space over F. Also, from Example 3.10 (2), (f̃ , F ) is a θ-generalized int-soft
subfield over F . Then, clearly the soft set (g̃, V ) over V (where g̃ : V −→
P(V )) is a θ-generalized int-soft hypervector space of V related to (f̃ , F ).

Proposition 4.4. Let V be a hypervector space over F and
(
f̃ , F

)
a θ-

generalized int-soft subfield of F. If (g̃, V ) is a θ-generalized int-soft hypervector

space of V related to
(
f̃ , F

)
, then

(1) f̃(0) ⊇ θ ∩ g̃(0).

(2) (∀x ∈ V ) (g̃(0) ⊇ θ ∩ g̃(x)) .

(3) (∀x ∈ V )
(
f̃(0) ⊇ θ ∩ g̃(x)

)
.

Proof. It is an immediate consequence of Definition 4.2 and Proposition 3.4.

Corollary 4.5 ([30]). Let V be a hypervector space over F and
(
f̃ , F

)
an

int-soft subfield of F. If (g̃, V ) is an int-soft hypervector space of V related to(
f̃ , F

)
, then

(1) g̃(0) ⊆ f̃(0).

(2) (∀x ∈ V ) (g̃(x) ⊆ g̃(0)) .

(3) (∀x ∈ V )
(
g̃(x) ⊆ f̃(0)

)
.

Proposition 4.6. Let V be a hypervector space over F. If (g̃, V ) is a θ-
generalized int-soft hypervector space of V related to a θ-generalized int-soft

subfield
(
f̃ , F

)
of F , then
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(1) (∀x ∈ V )

(
g̃(x) ⊇ θ ∩

( ⋂
y∈1◦x

g̃(y)

))
.

(2) (∀x ∈ V )

( ⋂
y∈1◦x

g̃(y) ⊇ θ ∩ g̃(x)

)
.

Proof. (1) Let x ∈ V. Since x ∈ 1 ◦ x by (H5), we have

g̃(x) ⊇
⋂

y∈1◦x
g̃(y) ⊇ θ ∩

( ⋂
y∈1◦x

g̃(y)

)
.

(2) The conditions (4.3) and (3.8) imply that⋂
y∈1◦x

g̃(y) ⊇ θ ∩ f̃(1) ∩ g̃(x)

⊇ θ ∩ (θ ∩ g̃(x)) ∩ g̃(x)

= θ ∩ g̃(x).

for all x ∈ V.

Corollary 4.7 ([30]). Let V be a hypervector space over F. If (g̃, V ) is an

int-soft hypervector space of V related to an int-soft subfield
(
f̃ , F

)
of F , then

(∀x ∈ V )

(
g̃(x) =

⋂
y∈1◦x

g̃(y)

)
.

Theorem 4.8. Assume that a hypervector space V over F is strongly left

distributive. Let
(
f̃ , F

)
be a θ-generalized int-soft subfield of F. Then a soft

set (g̃, V ) over V is a θ-generalized int-soft hypervector space of V related to(
f̃ , F

)
if and only if the following conditions are true:

(1)
⋂

z∈a◦x+b◦y
g̃(z) ⊇ θ ∩

(
f̃(a) ∩ g̃(x)

)
∩
(
f̃(b) ∩ g̃(y)

)
,

(2) θ ∩ g̃(x) ⊆ f̃(1)

for all a, b ∈ F and all x, y ∈ V.

Proof. Assume that (g̃, V ) is a θ-generalized int-soft hypervector space of V

related to
(
f̃ , F

)
. Let a, b ∈ F and x, y ∈ V. Then⋂

z∈a◦x+b◦y

g̃(z) =
⋂

z∈u+v
u∈a◦x, v∈b◦y

g̃(z) ⊇ θ ∩
(
f̃(a) ∩ g̃(x)

)
∩
(
f̃(b) ∩ g̃(y)

)
.
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Using (4.4) and Proposition 4.4(2), we have

f̃(1) ⊇ θ ∩ g̃(0) ⊇ θ ∩ g̃(x)

for all x ∈ V.
Conversely suppose the conditions (1) and (2) are true. For all x, y ∈ V,

we have

g̃(x+ y) ⊇
⋂

z∈1◦x+1◦y
g̃(z)

⊇ θ ∩
(
f̃(1) ∩ g̃(x)

)
∩
(
f̃(1) ∩ g̃(y)

)
⊇ θ ∩ g̃(x) ∩ g̃(y).

Since
(
f̃ , F

)
is a θ-generalized int-soft subfield of F, we have

f̃(0) ⊇ θ ∩ f̃(1) ⊇ θ ∩ (θ ∩ g̃(a)) = θ ∩ g̃(a)

and
f̃(−1) ⊇ θ ∩ f̃(1) ⊇ θ ∩ (θ ∩ g̃(a)) = θ ∩ g̃(a).

Note that 0 ∈ 0 ◦ x for all x ∈ V. It follows that

g̃(−x) ⊇
⋂

y∈0◦x+(−1)◦x

g̃(y)

⊇ θ ∩
(
f̃(0) ∩ g̃(x)

)
∩
(
f̃(−1) ∩ g̃(x)

)
= θ ∩ g̃(x) ∩ g̃(x) = θ ∩ g̃(x)

for all x ∈ V. Let a ∈ F and x ∈ V. Then⋂
y∈a◦x

g̃(y) ⊇
⋂

y∈u+v
u∈0◦x, v∈a◦x

g̃(y)

⊇ θ ∩
(
f̃(0) ∩ g̃(x)

)
∩
(
f̃(a) ∩ g̃(x)

)
⊇ θ ∩ ((θ ∩ g̃(x)) ∩ g̃(x)) ∩

(
f̃(a) ∩ g̃(x)

)
= θ ∩ f̃(a) ∩ g̃(x).

Clearly, f̃(1) ⊇ θ∩g̃(0). Therefore (g̃, V ) is a θ-generalized int-soft hypervector

space of V related to
(
f̃ , F

)
.
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Corollary 4.9 ([30]). Assume that a hypervector space V over F is strongly

left distributive. Let
(
f̃ , F

)
be an int-soft subfield of F. Then a soft set (g̃, V )

over V is an int-soft hypervector space of V related to
(
f̃ , F

)
if and only if

the following conditions are true:

(1)
⋂

z∈a◦x+b◦y
g̃(z) ⊇

(
f̃(a) ∩ g̃(x)

)
∩
(
f̃(b) ∩ g̃(y)

)
,

(2) g̃(x) ⊆ f̃(1)

for all a, b ∈ F and all x, y ∈ V.

Theorem 4.10. Let V be a hypervector space over F and
(
f̃ , F

)
a θ-generalized

int-soft subfield of F. If a soft set (g̃, V ) over V is a θ-generalized int-soft hy-

pervector space of V related to
(
f̃ , F

)
, then the nonempty γ-inclusive set

iV (g̃; γ) := {x ∈ V | γ ⊆ g̃(x)}

of (g̃, V ) is a subhypervector space of V over the field iF (f̃ ; γ) for all γ ∈P(U)
with γ ⊆ θ.

Proof. Let x, y ∈ iV (g̃; γ). Then g̃(x) ⊇ γ and g̃(y) ⊇ γ. It follows that

g̃(x− y) = g̃(x+ (−y)) ⊇ θ ∩ g̃(x) ∩ g̃(−y)

⊇ θ ∩ g̃(x) ∩ (θ ∩ g̃(y))

= θ ∩ g̃(x) ∩ g̃(y) ⊇ γ.

Hence x − y ∈ iV (g̃; γ). Note that iF (f̃ ; γ) is a subfield of F (see Theorem
3.6). Let a ∈ iF (f̃ ; γ), x ∈ iV (g̃; γ) and y ∈ a ◦ x. Then

g̃(y) ⊇
⋂

z∈a◦x
g̃(z) ⊇ θ ∩ f̃(a) ∩ g̃(x) ⊇ γ,

and so y ∈ iV (g̃; γ) which shows that a ◦ x ⊆ iV (g̃; γ). Therefore iV (g̃; γ) is a
hypervector space over the field iF (f̃ ; γ) for all γ ∈P(U) with γ ⊆ θ.

Corollary 4.11 ([30]). Let V be a hypervector space over F and
(
f̃ , F

)
an

int-soft subfield of F. If a soft set (g̃, V ) over V is an int-soft hypervector space

of V related to
(
f̃ , F

)
, then the nonempty γ-inclusive set

iV (g̃; γ) := {x ∈ V | γ ⊆ g̃(x)}

of (g̃, V ) is a subhypervector space of V over the field iF (f̃ ; γ) for all γ ∈P(U).
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Let V and W be hypervector spaces over F. A mapping T : V → W is
called linear transformation (see [4]) if it satisfies:

(i) (∀x, y ∈ V ) (T (x+ y) = T (x) + T (y)) .

(ii) (∀a ∈ F ) (∀x ∈ V ) (T (a ◦ x) ⊆ a ◦ T (x)) .

Theorem 4.12. Let V and W be hypervector spaces over F and let
(
f̃ , F

)
be a θ-generalized int-soft subfield of F. For any linear transformation T :
V → W, if (g̃,W ) is a θ-generalized int-soft hypervector space of W related

to
(
f̃ , F

)
, then T−1 (g̃,W ) is a θ-generalized int-soft hypervector space of V

related to
(
f̃ , F

)
.

Proof. Let a, b ∈ F and x, y ∈ V. Since T is a linear transformation, we have⋂
z∈a◦x+b◦y

T−1(g̃)(z) =
⋂

z∈a◦x+b◦y

g̃(T (z)) =
⋂

u∈a◦x, v∈b◦y

g̃(T (u+ v))

⊇
⋂

T (u)∈a◦T (x)
T (v)∈b◦T (y)

g̃(T (u+ v))

⊇ θ ∩
(
f̃(a) ∩ g̃(T (x))

)⋂(
f̃(b) ∩ g̃(T (y))

)
= θ ∩

(
f̃(a) ∩ T−1(g̃)(x)

)⋂(
f̃(b) ∩ T−1(g̃)(y)

)
.

Obviously, f̃(1) ⊇ θ ∩ T−1(g̃)(x) for all x ∈ V. It follows from Theorem 4.8
that T−1 (g̃,W ) is a θ-generalized int-soft hypervector space of V related to(
f̃ , F

)
.

Corollary 4.13 ([30]). Let V and W be hypervector spaces over F and let(
f̃ , F

)
be an int-soft subfield of F. For any linear transformation T : V →

W, if (g̃,W ) is an int-soft hypervector space of W related to
(
f̃ , F

)
, then

T−1 (g̃,W ) is an int-soft hypervector space of V related to
(
f̃ , F

)
.

Theorem 4.14. Let V and W be hypervector spaces over F and let
(
f̃ , F

)
be a θ-generalized int-soft subfield of F. For any linear transformation T :
V → W, if (g̃, V ) is a θ-generalized int-soft hypervector space of V related to(
f̃ , F

)
, then T (g̃, V ) is a θ-generalized int-soft hypervector space of W related

to
(
f̃ , F

)
.
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Proof. Let a, b ∈ F and x, y ∈ W. If at least one of T−1(x) and T−1(y) is
empty, then the inclusion⋂

z∈a◦x+b◦y

T (g̃)(z) ⊇ θ ∩
(
f̃(a) ∩ T (g̃)(x)

)⋂(
f̃(b) ∩ T (g̃)(y)

)
is clear. Assume that T−1(x) and T−1(y) are nonempty. Then there exist
u, v ∈ V such that T (u) = x and T (v) = y. Thus

a ◦ x+ b ◦ y = a ◦ T (u) + b ◦ T (v)

⊇ T (a ◦ u) + T (b ◦ v)

= T (a ◦ u+ b ◦ v)

since T is linear. Hence a ◦ u+ b ◦ v ⊆ T−1(a ◦ x+ b ◦ y). Then⋂
w∈a◦x+b◦y

T (g̃)(w) =
⋂

w∈a◦x+b◦y
T (z)=w

g̃(z)

⊇
⋂

u∈T−1(x), v∈T−1(y)
z=z1+z2, z1∈a◦u, z2∈b◦v

(g̃(z1) ∩ g̃(z2))

⊇ θ ∩
(
f̃(a) ∩ g̃(u)

)⋂(
f̃(b) ∩ g̃(v)

)
= θ ∩

(
f̃(a) ∩ T (g̃)(x)

)⋂(
f̃(b) ∩ T (g̃)(y)

)
.

Obviously, f̃(1) ⊇ θ ∩ T (g̃)(x) for all x ∈ W. Therefore T (g̃, V ) is a θ-

generalized int-soft hypervector space of W related to
(
f̃ , F

)
by Theorem

4.8.

Corollary 4.15 ([30]). Let V and W be hypervector spaces over F and let(
f̃ , F

)
be an int-soft subfield of F. For any linear transformation T : V →W,

if (g̃, V ) is an int-soft hypervector space of V related to
(
f̃ , F

)
, then T (g̃, V )

is an int-soft hypervector space of W related to
(
f̃ , F

)
.

5 Motivation and Conclusion

Algebraic structures play an importtant role in mathematics with wide rang-
ing applications in many disciplines such as theoretical physics, computer sci-
ences, control engineering, information sciences, coding theory, topological
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spaces and the like. This provides sufficient motivation to researchers to re-
view various concepts and results from the realm of abstract algebra in the
broader framework of soft set theory. Soft set theory, introduced by Molodtsov
[34], is an important mathematical tool to deal with uncertainties, fuzzy or
vague objects and has vast applications in real life situations. Several possible
applications of soft set theory in various directions are given in [34].

In this paper, we presented an application of soft set theory in an algebraic
structure, called an hypervector spaces. In fact, using the notion of inter-
sectional soft set property, we introduce the notion of θ-generalized int-soft
subfields, θ-generalized int-soft algebras over θ-generalized int-soft subfields,
and θ-generalized int-soft hypervector spaces. We study their properties and
characterizations. In connection with linear transformations, we discusse θ-
generalized int-soft hypervector spaces. We hope that this work will provide
a deep impact on the upcoming research in this field and other soft algebraic
studies to open up new horizons of interest and innovations. Indeed, this work
may serve as a foundation for further study of int-soft hypervector spaces.
To extend these results, one can further study the intersectional soft hyper
substructures of different algebras such as MTL-algerbas, R0-algebras, BL-
algebras, EQ-algebras, B-algebras, MV-algebras, d-algebras, Q-algebras, etc.
One may also apply this concept to study some applications in many fields like
decision making, knowledge base systems, data analysis, etc. Some important
issues for future work are: (1) to develop strategies for obtaining more valuable
results, (2) to apply these notions and results for studying related notions in
other algebraic (soft) structures.
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